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HARDY’S INEQUALITY FROM A LOGARITHMIC
CACCIOPPOLI ESTIMATE
PETER LINDQVIST AND JUAN J. MANFREDI
Dedicated to Juha Heinonen (1960-2007)
Abstract. We give a simple proof of Hardy’s inequality based
on the logarithmic Cacciopoli inequality for p-superharmonic func-
tions.
1. Introduction
The so-called Hardy inequality
∞∑
n=1
(
a1 + a2 + · · ·+ an
n
)p
≤
(
p
p− 1
)p ∞∑
n=1
apn,
where an ≥ 0 and 1 < p < ∞, was given in 1920 by G. Hardy, c.f.
[H]. The sharp constant was fixed by E. Landau, cf. [La]. The integral
version for f(x) ≥ 0 is usually written as∫
∞
0
(
F (x)
x
)p
dx ≤
(
p
p− 1
)p ∫ ∞
0
f(x)pdx
where F (x) =
∫ x
0
f(t)dt. In a finite interval [a, b] the inequality
∫ b
a
∣∣∣∣ζ(x)δ(x)
∣∣∣∣
p
dx ≤
(
p
p− 1
)p ∫ b
a
|ζ ′(x)|pdx
holds, where δ(x) = min(x − a, b − x) and ζ is a smooth function
vanishing at the endpoints a and b, cf. [D, Lemma 1.5.1]. As pointed
out in [FHT] the Hardy inequality was known to T. Boggio as early as
in 1907, cf. [B].
We are concerned with the following variant of the Hardy inequality,
formulated for a bounded domain Ω in Rn and involving the distance
δ(x) = min
ξ∈∂Ω
|x− ξ|
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to the boundary. For ζ ∈ C∞0 (Ω) the Hardy inequality
(1)
∫
Ω
∣∣∣∣ζ(x)δ(x)
∣∣∣∣
p
dx ≤ CΩ
∫
Ω
|∇ζ(x)|pdx
holds with CΩ independent of ζ , at least for a smooth domain Ω. Our
objective is to provide a very simple and natural proof, based on a
logarithmic Caccioppoli estimate. The case p = 2 involves only the fact
that the distance function δ (or some function of δ) is superharmonic.
Needless to say, the idea to use a differential equation is well-known in
this connection, (see [B] and [BFT]) but our approach is, as it were,
direct and very easy. Our use of the logarithmic Caccioppoli estimate
seems to be new.
Before proceeding to the proof, we mention some other interesting
facts, in passing. First, the inequality is not valid in all domains. See
[Hz]. A necessary and sufficient criterion in terms of p-capacities of
level sets has been given by V. Mazya in [M, 2.3.3, Corollary, p. 11
]. Second, the dependence of p is rather puzzling. For example, in the
case of the punctured disk 0 < |x| < 1, the inequality holds except for
p = n. The Hardy inequality has “the open end property”: for a fixed
domain the values of p for which it is valid form an open set, cf. [KZ].
Third, the existence of an extremal function ζ in W 1,p0 (Ω) is equivalent
to the strict inequality (
p
p− 1
)p
< CΩ <∞
for the best constant. In a convex domain Ω the best constant is
(p/(p− 1))p but it is never attained! For this fascinating phenomenon
we refer to [MMP].
2. THE LOGARITHMIC CACCIOPPOLI ESTIMATE
It is well-known that a bounded superharmonic function v in a do-
main Ω satisfies the inequality
(2)
∫
Ω
〈∇v,∇ϕ〉dx ≥ 0
for all non-negative ϕ ∈ C∞0 (Ω). We will need only the case when v is
a function of the distance δ. More generally, we say that a function v
belonging to W 1,p(Ω) is p-superharmonic in Ω, if
(3)
∫
Ω
〈|∇v|p−2∇v,∇ϕ〉dx ≥ 0
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for all ϕ ≥ 0, ϕ ∈ C∞0 (Ω). Usually, it is also required that v be lower
semincontinuous, but since we only need a very restricted class of v’s
this has no bearing here. (See [L] for an account on p-superharmonic
functions.) The next lemma is our starting point.
Lemma. (Caccioppoli) Suppose that v is p-superharmonic in Ω and
that v > 0. Then
(4)
∫
Ω
|ζ∇ log v|pdx ≤
(
p
p− 1
)p ∫
Ω
|∇ζ |pdx
for all ζ ∈ C∞0 (Ω).
Proof: This well-known estimate follows from (3), when the test func-
tion ϕ = |ζ |pv1−p is used. Indeed, one only has to insert
∇ϕ = p|ζ |p−2ζv1−p∇ζ − (p− 1)|ζ |pv−p∇v
and use Ho¨lder’s inequality.✷
3. CONVEX DOMAINS
Let us turn our attention to the distance function
δ|x| = min
ξ∈∂Ω
|x− ξ|,
representing the distance from the point x to the boundary of Ω. Since
|δ(x)− δ(y)| ≤ |x− y|, x, y ∈ Ω,
it follows from Rademacher’s theorem that δ is differentiable almost
everywhere. In fact, the eiconal equation
|∇δ(x)|2 = 1
holds at a.e. x in Ω; see, for example, Theorem 3.3 in [EH] for this
fact.
Notice that if Ω is a convex domain, then the distance function is
superharmonic, because it is the pointwise minimum of affine functions
(hyperplanes). It is also p-superharmonic for any p in the range 1 <
p < ∞ (and even for p = ∞). Thus we may use the function v = δ in
the Caccioppoli estimate. Then
|ζ∇ log v| =
|ζ |
δ
and the Hardy inequality below follows.
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Proposition. (Hardy) Let Ω be a convex domain. Then
(5)
∫ ∣∣∣∣ζ(x)δ(x)
∣∣∣∣
p
dx ≤
(
p
p− 1
)p ∫
Ω
|∇ζ(x)|pdx
holds for all ζ ∈ C∞0 (Ω).
Remark. (1) In this case there is no extremal function ζ inW 1,p0 (Ω),
although the constant is sharp. The improved inequality
ǫ
∫
Ω
|ζ |pdx+
∫
Ω
∣∣∣∣ζδ
∣∣∣∣
p
dx ≤
(
p
p− 1
)p ∫
Ω
|∇ζ |pdx
is known to be valid for convex bounded domains, c.f. [MMP].
(2) Since |∇δ|p−2∇δ = ∇δ in (3), we can obtain (5) with some effort
without referring to p-superharmonic functions, using only ordinary
superharmonic functions.
4. THE CASE p > n
The case p > n is as easy as the previous proof. The functions
|x− ξ|(p−n)/(p−1) are p-superharmonic when x 6= ξ. We have
δ(x)α = min
ξ∈∂Ω
|x− ξ|α, α =
p− n
p− 1
> 0.
Hence δα is p-superharmonic. Inserting v = δα and using
|∇ log δα|p = αp|∇ log δ|p
in the Caccioppoli estimate, we again obtain the Hardy inequality, but
with the constant
α−p
(
p
p− 1
)p
=
(
p
p− n
)p
.
Thus we have proved the following:
Proposition (Hardy) Suppose that p > n. Then the Hardy inequal-
ity holds for an arbitrary domain Ω in Rn, with the constant
CΩ =
(
p
p− n
)p
.
Remark. The constant is sharp in annular domains.
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5. THE CASE 1 < p ≤ n
For these values of p, the Hardy inequality is not valid in arbitrary
domains. Under suitable assumptions the deduction from the loga-
rithmic Caccioppoli estimate works, but at the expense of a longer
calculation.
Just to illustrate the method, we assume that Ω satisfies the exterior
sphere condition with a fixed ball size, say of radius R. We construct
the function
v(x) = min
y
(
1
Rβ
−
1
|x− y|β
)
, β =
n− p
p− 1
> 0
where the minimum is taken over all points y satisfying
dist (y,Ω) ≥ R.
As the pointwise minimum of p-harmonic functions v is p-superharmonic.
We can write
v(x) =
1
Rβ
−
1
(R + δ(x))β
because
min
y
|x− y| = R + δ(x)
according to a simple argument involving the exterior sphere and the
triangle inequality.
A substitution of the above v into the logarithmic Caccioppoli in-
equality yields the Hardy inequality. To this end, we calculate
∇v =
β∇δ
(R + δ)β+1
.
Recalling that |∇δ| = 1 a.e., we obtain
|∇v|
v
= β
Rβ
(R + δ)[(R + δ)β − Rβ]
The elementary inequality
(R + δ)β −Rβ ≤
{
βδ(R+ δ)β−1, β ≥ 1
βδRβ−1, 0 < β < 1
yields
|∇v|
v
≥


1
δ
(
R
R + δ
)β
, β ≥ 1
1
δ
R
R + δ
, 0 < β < 1
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Therefore,
|∇ log(v)|p ≥
C
δp
where C is a power of R/(R + diam Ω). Again the Hardy inequality
follows, since ∫
Ω
ζp|∇ log v|pdx ≥ C
∫
Ω
∣∣∣∣ζδ
∣∣∣∣
p
dx.
This concludes our proof.
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